The scaling for the temperature of a granular material ''fluidized'' by external vibrations is determined in the limit where the dissipation of energy in a collision due to inelasticity, or between successive collisions due to viscous drag, is small compared to the energy of the particles. An asymptotic scheme is used, where the dissipation of energy is neglected in the leading approximation, and the Boltzmann equation for the system is identical to that for a gas at equilibrium in a gravitational field. The density variation in the ''fluidized'' material is given by the Boltzmann distribution, and the velocity distribution is given by the MaxwellBoltzmann distribution. However, the ''temperature'' of the material is not specified by thermodynamic considerations, but is determined by a balance between the source of energy due to the vibrating surface and the dissipation of energy. This balance indicates that the dependence of temperature on the amplitude of the vibrating surface is sensitively dependent on the mechanism of dissipation ͑inelastic collisions or viscous drag͒, and also on whether the amplitude function for the velocity of the vibrating surface is symmetric or asymmetric about zero velocity. However, the temperature turns out to have the same functional dependence on the properties of the system in two and three dimensions. ͓S1063-651X͑98͒08004-0͔
I. INTRODUCTION
There has been increasing interest in the dynamics of granular materials which are set into motion by external vibrations. A typical configuration involves a ͑two-dimensional or three-dimensional͒ bed of particles supported on a horizontal plate which is vibrated with a certain amplitude function and frequency. Under certain conditions of vibration amplitude and frequency, the material becomes ''fluidized,'' and the motion of the individual particles is qualitatively similar to the motion of molecules in a gas at equilibrium. However, there is a significant difference between a fluidized granular material and a gas at equilibrium -the temperature of the gas, which gives the magnitude of the velocity fluctuations, is a thermodynamic property specified by ambient conditions, while the temperature of a granular material depends on the balance between the source of energy, due to the vibrating surface, and the dissipation of energy due to inelastic collisions or viscous drag on the particles.
Some unusual features in granular materials subject to vibrations, such as the formation of convection cells ͓1͔ and the presence of compression and transverse waves ͓2͔ have been reported. The transition from a liquidlike condensed state to a gaslike fluidized state has also been studied ͓2-4͔. More recently, there have been simulations that have obtained the properties of the fluidized state, such as the granular temperature and the variation in the height of the center of mass ͓5,6͔. Experimental information on the velocity distribution functions has been obtained using high speed photography ͓7,8͔ for a two-dimensional array of spheres. These experiments have yielded information on the moments of the velocity distribution and the spatial pair correlation function in these materials. Though the velocity distribution function is similar in shape to the Maxwell-Boltzmann distribution for a gas at equilibrium, there have been significant systematic differences observed in the experiments. A significant feature of the experimental and simulation results carried out so far is that there is no unanimity regarding the dependence of the granular temperature on the amplitude of vibration of the surface and the inelasticity of the particles. The simulations of Luding, Hermann, and Blumen ͓5͔ indicate that the granular temperature varies as TϰU 0 1.5 while the experimental results of Warr et al. ͓8͔ show a dependence of the form T ϰU 0 1.41 where U 0 is the amplitude of the velocity of the vibrating plate. However, this type of scaling has not been obtained by theoretical analyses, and theoretical models for the one-dimensional vibration of a particle show a scaling relation of the form TϰU 0 2 . The scaling relations are derived in the present analysis in the limit where the dissipation of energy of a particle in a collision or between successive collisions is small compared to the energy of the particles. The results indicate that the scaling of the temperature is sensitive to the mechanism of energy dissipation ͑inelastic collisions or viscous drag͒ as well as to the form of the amplitude function of the vibrating surface.
In this analysis, scaling relations are derived in the limit where the maximum velocity of the vibrating plate is small compared to the velocity fluctuations in the granular medium. It is shown a little later that in this limit, the dissipation of energy during a collision due to inelasticity, or between successive collisions due to viscous drag, is small compared to the energy of a particle. The parameter regime where the above approximation is valid is determined selfconsistently a little later.
Two density regimes are considered, depending on the magnitude of the parameter Nr, where N is the number of particles per unit width of the vibrated material and r is the radius of a particle. ͑Note that 2Nr is the number of monolayers of particles when the granular material is at rest.͒ In the ''dense limit'' Nrу1, a particle collides with many other particles in between successive collisions with the vibrating surface. In this case, the distribution function is obtained using an asymptotic analysis. In the leading order approximation, the system is considered nondissipative, and the distribution function for the velocity of the particles is identical to the Maxwell-Boltzmann distribution for a gas of hard spheres in a gravitational field. However, the ''temperature'' of the material is not fixed from thermodynamic considerations, but has to be determined by a balance between the dissipation of energy due to inelastic collisions or viscous drag and the source due to the particle collisions with the vibrating surface. The source and dissipation of energy are calculated using methods from the kinetic theory of gases, and the velocity fluctuations at steady state are estimated by balancing the source and dissipation of energy.
In the ''dilute limit'' NrӶ1 ͑which corresponds to a ''Knudsen flow''͒, the frequency of particle collisions with the vibrating surface is large compared to the frequency of binary collisions. In the leading approximation, binary collisions are neglected and the velocity distribution for a particle colliding with a vibrating surface is derived. For a symmetric vibrator, the results show that the velocity distribution is identical to one-dimensional Maxwell-Boltzmann distribution for the case where dissipation is due to inelastic collisions, but could be very different when the dissipation is due to viscous drag. For an asymmetric vibrator, the single particle distribution is a ␦ function at a specific velocity for inelastic collisions and for viscous drag.
II. DENSE LIMIT
In the leading approximation, the system is considered nondissipative, and the distribution function for the particle velocities is identical to that for a gas at equilibrium in a gravitational field. The leading order density and velocity distributions are Boltzmann distributions:
where d is the dimension, N is the number of particles per unit length in the horizontal direction for a two-dimensional system, and the number of particles per unit area in the horizontal plane for a three-dimensional system, g is the acceleration due to gravity, z is the vertical distance in the direction opposite to gravity, T is the temperature in the leading approximation, and m is the mass of the particles. However, the temperature T cannot be determined from the leading order solutions, and has to be determined by equating the rate of increase of energy due to particle collisions with the vibrating surface, and the rate of dissipation of energy due to inelastic collisions or viscous drag.
The rate of dissipation of energy due to inelastic collisions is obtained using methods similar to those used in the kinetic theory of gases. The rate of dissipation of energy, D I ͑per unit length in the horizontal direction for a twodimensional system, and per unit area in the horizontal plane for a three-dimensional system͒, is determined by considering the dissipation of energy in a collision between two particles with vertical positions and velocities (z,u) and (z*,u*), and doing an ensemble average over the velocities and orientations of the particles.
where k is the orientation of the line joining the centers of the particles with respect to the vertical and is directed from the particle with velocity u to the particle with velocity u*, ⌬E is the change in the kinetic energy during the collision, and is 2r in two dimensions and (2r) 2 in three dimensions, and r is the radius of a particle. It is also important to note that the integral in Eq. ͑3͒ is carried out only for those values of k for which k-(uϪu*) is positive, since the particles do not collide if k-(uϪu*) is negative. The rate of dissipation of energy is determined using the standard techniques of kinetic theory of gases ͓9͔, which have also been used for granular materials in shear flow ͓10,11͔. The rate of dissipation of energy for a system where the distribution function is given by 1 and 2 is
The rate of dissipation of energy due to viscous drag is determined using a drag law of the form
aϭϪu, ͑5͒
where , the drag coefficient, is given by (6r/m) for a system where the drag force is given by Stokes law and the fluid has a viscosity . The rate of dissipation of energy due to viscous drag is given by
The above integral can also be evaluated using the standard techniques of kinetic theory of gases, and the rate of dissipation of energy per unit length in two dimensions and per unit area in three dimensions is given by
The source of energy required to sustain the velocity fluctuations is provided by the particle collisions with the vibrating surface. The flux of energy is calculated by averaging over the distribution function of particle velocities as well as the probability distribution function of the velocities of the vibrating surface. The probability function P(U) is defined such that P(U)dU is the probability of finding the surface with a velocity in the interval dU about U, and
The probability function can be easily determined from the time series of the amplitude of the vibrator. Assuming that the collisions of the particles with the vibrator are elastic, the initial u and the final velocity uЈ of the particle are given by
͑9͒
where x and y are orthogonal coordinates in the horizontal plane. The source of energy due to particle collisions with the vibrating surface is given by
where ⌬E is the change in energy of the particle, and the factor (0)(UϪu z ) f (0,u) gives the normal flux of particles at the surface. The leading contribution to the energy source is obtained by inserting f (0,u)ϭ f 0 (u) and (0)ϭ 0 (0) in Eq. ͑10͒. This integral is difficult to evaluate without knowing the form of the distribution function P(U), but the integral can be evaluated using an expansion in the parameter (mU 2 /T) in the limit mU 2 ӶT. It is shown a little later that this corresponds to the limit where the energy dissipation in a collision due to inelasticity, or between successive collisions due to viscous drag, is small compared to the energy of a particle. In this limit, the leading order terms in the equation for the source of energy are
In the present analysis, we distinguish between two types of vibrations. For symmetric vibrations, the probability distribution for the velocity of the surface P s (U) is symmetric about Uϭ0, and the average velocity of the surface ͗U͘ ϭ0. A sinusoidal amplitude variation AϭA 0 cos(t) is an example of a symmetric amplitude function with maximum velocity U 0 . For symmetric amplitude functions ͗U͘ϭ0, and the leading order term in Eq. ͑11͒ is proportional to ͗U 2 ͘.
For asymmetric vibrations for which the probability distribution P a (U) is asymmetric about Uϭ0, and ͗U͘ 0. A sawtooth amplitude function AϭA 0 ͓(t/t 0 )Ϫint(t/t 0 )͔ϪA 0 /2 is an asymmetric amplitude function, where int(x) denotes the highest integer that is lower than x. In the latter case, the velocity has a constant positive value A 0 /t 0 , except for integer values of t/t 0 , where the velocity is undefined since the amplitude is discontinuous. During the time that the velocity is undefined, there are no collisions between the particle and the surface, and collisions occur only when the surface is moving with a constant velocity A 0 /t 0 . Consequently, for asymmetric amplitude functions, ͗U͘ 0, and the leading order term in Eq. ͑11͒ is proportional to ͗U͘.
A balance between S 0 , Eq. ͑11͒, and the rate of dissipation of energy ͑4͒ or ͑7͒ gives the relations for the temperatures shown in Table I . Before examining these temperature relations, it is useful to recall that this analysis is restricted to the limit where the square of the amplitude of the velocity of the surface is small compared to the temperature, and to examine the parameter regimes where this assumption is valid. For systems where dissipation is due to inelastic collisions, it is apparent that this condition is valid for 1Ϫe 2 Ӷ1 ͑for Nrϳ1 in two dimensions or Nr 2 ϳ1 in three dimensions͒, which corresponds to the limit where the coefficient of restitution is close to 1 and the dissipation of energy in a collision due to inelasticity is small compared to the energy of the particle. For systems where the dissipation is due to viscous drag, it can be inferred that this condition is valid in the limit where (T Nr 2 g) in three dimensions. Therefore the condition that the square of the amplitude of velocity fluctuations is small compared to the temperature corresponds to the limit where the dissipation of energy between successive collisions due to viscous drag is small compared to the energy of a particle for situations where Nrϳ1 in two dimensions and (Nr 2 )ϳ1 in three dimensions.
III. DILUTE LIMIT
In the dilute ͑Knudsen͒ limit, the frequency of particle collisions with the vibrating surface is large compared to the frequency of binary collisions. In the leading approximation, the distribution function for a single particle on a vibrating surface is considered. The leading order distribution functions for the cases where dissipation is due to inelastic collisions and viscous drag are considered separately, and the correction to the distribution function due to binary collisions between particles is then estimated.
A. Dissipation due to inelastic collisions
In the collision model for a single particle on a vibrating surface the velocity after collision u z is related to the velocity before collision u z Ј by 
where e is the coefficient of restitution, and U is the velocity of the vibrating surface. Note the requirement UϾϪu z Ј for a particle to collide with the wall. Inserting ⑀ I ϭ(1Ϫe) in Eq. ͑12͒, and retaining terms up to O(⑀ I ), the equation for u z Ј is u z ЈϪu z ϭ⑀ I u z ϩ͑2Ϫ⑀ I ͒U.
͑13͒
For an asymmetric vibrator with an amplitude function of the form AϭA 0 ͓(t/t 0 )Ϫint(t/t 0 )͔ϪA 0 /2, it can easily be seen that the velocity of the particle at the vibrating surface at steady state is (1ϩe)U/(1Ϫe), and the distribution function is a ␦ function at this velocity. The distribution function at any height z can be inferred from this,
For a symmetric vibrator, the distribution function can be determined using a flux balance condition. The zero net flux condition across the vibrating surface indicates that the total flux of particles with velocity in the interval du z Ј about Ϫu z Ј incident on the surface is equal to the flux of particles with velocity in the interval du z about u z reflected from the surface. The flux of particles incident on the surface is
͑15͒
In the above equation, we have used the symmetry condition F(Ϫu z Ј)ϭF(u z Ј) for the free flight of a particle in the absence of drag forces. Using Eq. ͑13͒ to express u z Ј in terms of u z , the flux of particles entering the interval du z is N i ͑ u z ͒ϭ͑ 1/e͒͑Uϩu z Ј͒F͑u z Ј͒.
͑16͒
The flux of particles reflected from the surface having velocity in the interval du z about u z is given by
For a symmetric vibrator, the number conservation condition requires that the flux of particles reflected with a velocity in the interval du z about u z is equal to the flux of particles reflected with velocities in the interval u z Ј about du z Ј , where u z and u z Ј are related by Eqs. ͑24͒ and ͑25͒.
͑27͒
The fluxes of particles reflected with velocities u z and u z Ј are
Equating the two fluxes and using a derivation similar to that for the preceding subsection in the weak dissipation limit, the equation for the distribution function is
where u z *ϭu z /(͗U 2 ͘g/)
. The solution for the above equation is not a Maxwell-Boltzmann distribution, but has a slow decay proportional to u z Ϫ3 in the limit u z ӷ1.
IV. CONCLUSIONS
The distribution function for a vibrofluidized bed was analyzed in the limit where the dissipation of energy in a collision due to inelasticity or between successive collisions due to viscous drag is small compared to the energy of particles. Two cases, the dense limit where binary collisions are more frequent than particle collisions with the vibrating surface, and the complementary dilute limit where the particle collisions with the vibrating surface are more frequent than binary collisions, were considered. In addition, two types of dissipation mechanisms, inelastic collisions and viscous drag, and two types of amplitude functions for the vibrating surface were considered. It was found that the dependence of the temperature on the velocity of the vibrating surface remains the same for the dense and dilute limits, though the forms of the distribution functions are very different. When the dissipation is due to viscous drag, the scaling of the velocity is sensitive to whether the amplitude function of the vibrating surface is symmetric or asymmetric. In the dilute limit, the form of the distribution function also depends on the dissipation mechanism and the symmetric or asymmetric nature of the vibrating surface.
An examination of the relations in Table I indicates that in the dense limit, the dependence of the temperature on the properties of the granular material is the same in two and three dimensions. The temperature scales as the square of the amplitude of the velocity of the vibrator for a system with inelastic collisions for both symmetric and asymmetric amplitude functions, but the dependence on the coefficient of restitution is different. In particular, the temperature scales as (1Ϫe 2 ) Ϫ1 for a symmetric vibrator, but has a much larger value ϰ(1Ϫe 2 ) Ϫ2 for an asymmetric vibrator. For the case where dissipation is due to viscous drag, the temperature scales as U 0 4/3 for a symmetric vibrator, and proportional to U 0 for an asymmetric vibrator, where U 0 is the amplitude of the velocity of the vibrator.
The present results provide definite scaling laws for the temperature of a vibrated granular material in the limit where (mU 0 2 /T)Ӷ1, which corresponds to the limit where the dissipation of energy in a collision due to inelasticity, or between successive collisions due to viscous drag, is small compared to the energy of a particle. These results indicate that the scaling of the temperature on the amplitude of the velocity could vary between TϰU 0 and TϰU 0 2 depending on the mechanism of dissipation and the symmetry of the vibrator. These also provide possible explanations for the scaling behavior observed in previous experiments. The scaling of TϰU 0 1.41 in the experiments of Warr et al. ͓8͔ could be because dissipation occurs due to a combination of inelastic collisions and viscous drag, and the exponent is between the values of TϰU 0 2 and TϰU 0 (4/3) for the two cases. However, the same explanation cannot be provided for the simulations of Luding et al. ͓5͔ , and it is possible that the approximation that TӷmU 0 2 is not valid in this case. It would be useful to systematically probe the parameter regime where (mU 0 2 /T) Ӷ1 in simulations to examine whether the predicted scalings for the temperature are observed in this case, and then proceed to the intermediate regime and examine the scaling behavior.
